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coupled Burgers’ equationsAbstract In this paper, the fractional partial differential equations are deﬁned by modiﬁed
Riemann–Liouville fractional derivative. With the help of fractional derivative and traveling wave
transformation, these equations can be converted into the nonlinear nonfractional ordinary differ-




-expansion method is applied to obtain exact solutions of the space-time
fractional Burgers equation, the space-time fractional KdV-Burgers equation and the space-time
fractional coupled Burgers’ equations. As a result, many exact solutions are obtained including
hyperbolic function solutions, trigonometric function solutions and rational solutions. These results
reveal that the proposed method is very effective and simple in performing a solution to the
fractional partial differential equation.
 2014 Production and hosting by Elsevier B.V. on behalf of Ain Shams University.1. Introduction
Fractional differential equations are generalizations of classi-
cal differential equations of integer order. In recent decades,
fractional differential equations have been the focus of many
studies due to their frequent appearance in various applica-
tions in physics, biology, engineering, signal processing, elec-tromagnetic, systems identiﬁcation, control theory, acoustics,
electrochemistry, cosmology, ﬁnance and fractional dynamics.
The fractional differential equations have been investigated by
many researchers [1–3].
Among the investigations for fractional differential equa-
tions, research for seeking exact solutions of fractional differ-
ential equations has been an important task of many
researchers. Many powerful and efﬁcient methods have been
proposed to obtain exact solutions of fractional differential





method [4–7], the fractional exp-function method [8–10], the
fractional ﬁrst integral method [11,12], the fractional sub-equa-
tion method [13–15], the fractional functional variable method
[16], the fractioanal modiﬁed trial equation method [17,18] and
the fractional simplest equation method [19] have been devel-
oped to obtain exact analytic solutions.
960 A. Bekir, O¨. Gu¨nerFinding exact solutions to fractional differential equations
(FDEs) is an important work. Also, exact solutions of most
fractional differential equations cannot be easily found. But
Li and He [20,21] proposed a fractional complex transform
to convert fractional differential equations into ordinary dif-
ferential equations (ODEs), so all analytical methods devoted
to the advanced calculus can be easily applied to the fractional
calculus.





and utilize this method to solve the following three space-time
fractional nonlinear differential equations.
We consider the space-time Burgers equation [22]
Dat u 2uDbxu aD2bx u ¼ 0; 0 < a; b < 1; t > 0; x > 0;
ð1:1Þ
where a is a constant. When a ¼ b ¼ 1, the fractional equation
(1.1) reduces to the Burgers equation of the form
ut þ buux  auxx ¼ 0:
The Burgers equation was ﬁrst introduced by Bateman [23]
when he mentioned it as worthy of study and gave its steady
solutions. It was later referred to as the Burgers equation after
Burger [24] introduced this equation as a mathematical model
for ﬂuid ﬂow. Eq. (1.1) has found applications in ﬁeld as di-
verse as gas dynamics, heat conduction, elasticity, continuous
stochastic processes, etc.
The nonlinear space-time fractional Korteweg-de Vries-












¼ 0; t > 0; 0 < a; b
6 1: ð1:2Þ
It is applied as a nonlinear model of the propagation of waves
on an elastic tube ﬁlled with a viscous ﬂuid, the ﬂow of liquids
containing gas bubbles and turbulence [28,29].
We consider the space-time fractional coupled Burgers’
equations [30]
Dat uD2ax uþ 2uDaxuþ pDaxðuvÞ ¼ 0; ð1:3Þ
Dat vD2ax vþ 2vDaxvþ qDaxðuvÞ ¼ 0:
The coupled system is derived by Esipov [31]. The study to
coupled Burgers equations is very signiﬁcant for that the sys-
tem is a simple model of sedimentation or evolution of scaled
volume concentrations of two kinds of particles in ﬂuid sus-
pensions or colloids, under the effect of gravity [32]. The con-
stants p; q depend on the system parameters such as the Peclet
number, the Stokes velocity of particles due to gravity, and the
Brownian diffusivity.
Many powerful mathematical methods such as Cole-Hopf
transformation [33], tanh-function method [34], ﬁrst integral
method [35], variational iteration method [36], LDG method
[25] and other methods [37,38] have been used to solve Eqs.
(1.1)–(1.3) analytically. Dehghan et al. have obtained a good
numerical results by using Adomian–Pade technique [26].





fractional complex transform to ﬁnd the exact solutions of
nonlinear fractional partial differential equations with the
modiﬁed Riemann–Liouville derivative by Jumarie [39]. The
Jumarie’s modiﬁed Riemann–Liouville derivative of order ais







ðt nÞaðfðnÞ  fð0ÞÞdn; 0 < a < 1
ðf ðnÞðtÞÞðanÞ; n 6 a < nþ 1; nP 1:
(
ð1:4Þ
Some important properties of the modiﬁed Riemann–Liouville
derivative were summarized and four famous formulas of them
are [40,41]
Dat x
c ¼ Cð1þ cÞ
Cð1þ c aÞ x
ca; c > 0; ð1:5Þ
DaxðuðxÞvðxÞÞ ¼ vðxÞDaxuðxÞ þ uðxÞDaxvðxÞ; ð1:6Þ
Dax f ½uðxÞ ¼ f 0u uð ÞDaxuðxÞ; ð1:7Þ
Dax f ½uðxÞ ¼ Dau fðuÞðu0ðxÞÞa; ð1:8Þ
which are direct consequences of the equality
d axðtÞ ¼ Cð1þ aÞdxðtÞ; ð1:9Þ
which holds for nondifferentiable functions. In the above for-
mulas Eqs. (1.6),(1.7), uðxÞ is nondifferentiable function in
(1.6) and (1.7) and differentiable in (1.8). The function vðxÞ
is nondifferentiable, and fðuÞis differentiable in (1.7) and non-
differentiable in (1.8). For this reason, the formulas (1.5)–(1.7)
and (1.8) should be used carefully.
The organization of this paper is as follows. In Section 2,




-expansion method for solv-
ing fractional partial differential equations. Then in Sections
3–5we apply this method to establish exact solutions for the
space-time fractional Burgers equation, the space-time frac-
tional KdV-Burgers equation and the space-time fractional
coupled Burgers’ equations. Some conclusions are given in
the last section.




-expansion method for FDEs






Step 1:We consider the following general nonlinear FDE of
the type
Pðu;Dat u;Dbxu;Dat Dat u;DbxDbxu; . . .Þ ¼ 0; 0 < a; b < 1; ð2:1Þ
where u is an unknown function, and P is a polynomial of u
and its partial fractional derivatives, in which the highest order
derivatives and the nonlinear terms are involved.
Step 2: The traveling wave variable





Cð1þ aÞ ; ð2:3Þ
where k and c are nonzero arbitrary constants, and we can re-
write Eq. (2.1) in the following nonlinear ODE;
QðU;U0;U00;U000; . . .Þ ¼ 0; ð2:4Þ
where the prime denotes the derivation with respect to n. If
possible, we should integrate Eq. (2.4) term by term one or
more times.
Step 3: Suppose the solution of Eq. (2.4) can be expressed
















; am – 0; ð2:5Þ
where ai ði ¼ 0; 1; 2; . . . ;mÞ are constants, while GðnÞ satisﬁes
the following second order linear ordinary differential
equation
G00ðnÞ þ kG0ðnÞ þ lGðnÞ ¼ 0; ð2:6Þ
with k and l are being constants.
Step 4: The positive integer m can be determined by consid-
ering the homogeneous balance between the highest order
derivatives and the nonlinear terms appearing in Eq. (2.4).
Step 5: Substituting Eq. (2.5) into Eq. (2.4) and using Eq.





Then equating each coefﬁcient of the resulting polynomial to
zero, we obtain a set of algebraic equations for ai
ði ¼ 0; 1; 2; . . . ;mÞ; k; l; k and c.
Step 6: Solving the equation system in Step 5, and using
equation then substituting ai ði ¼ 0; 1; 2; . . . ;mÞ; k; l; k; c and
the general solutions of Eq. (2.6) into Eq. (2.5), we can get a
variety of exact solutions of Eq. (2.1) [42–45].3. The space-time fractional Burgers equation
Firstly, we consider the following transformations;





Cð1þ aÞ ; ð3:2Þ
where k and c are a nonzero constant.
Substituting (3.2) into (1.1), this equation can (1.1) reduced
into an ODE
cU0 þ 2kUU0 þ ak2U00 ¼ 0; ð3:3Þ
where U0 ¼ dU
dn . By once integrating and setting the constants of
integration to zero, we obtain
cUþ kU2 þ ak2U0 ¼ 0: ð3:4Þ
By using the ansatz (3.4), for the linear term of highest
order U0 with the highest order nonlinear term U2, balancing
U0 with U2 in (3.4) gives
mþ 1 ¼ 2m; ð3:5Þ
so that
m ¼ 1: ð3:6Þ










; a1 – 0: ð3:7Þ
By using Eq. (2.6), from Eq. (3.7) we have


















þ a20: ð3:9ÞSubstituting Eqs. (3.7),(3.8) and (3.9) into Eq. (1.1), collect-
ing the coefﬁcients of G
0
G
 i ði ¼ 0; 1; 2Þ and set it to zero we ob-
tain the system
ak2a1 þ k2a21 ¼ 0;
2k2a0a1 þ ca1  ak2a1k ¼ 0;
ca0 þ k2a20  ak2a1l ¼ 0:
ð3:10Þ






; a1 ¼ a;






where k and l are arbitrary constants.
By using Eq. (3.11), expression (3.7) can be written as










Substituting general solutions of Eq. (2.6) into Eq. (3.12)
we have three types of travelling wave solutions of the space-
time fractional Burgers equation as follows:
















































































K1 þ K2n ; ð3:15Þ







In particular, if K1 – 0;K2 ¼ 0; k > 0; l ¼ 0, then U1;2 and
U3;4 becomes














which are the space-time fractional Burgers equation.
4. The space-time fractional KdV-Burgers equation
Secondly, we introduce the following transformations;




Cð1þ aÞ ; ð4:1Þ
where c and k are nonzero constants.
Substituting (4.1) into (1.2) and once time integrating that




þ gc2U0 þ vc3U00 þ n0 ¼ 0; ð4:2Þ
where U0 ¼ dU
dn and n0 is a integration constant.
;962 A. Bekir, O¨. Gu¨nerBy the same procedure as illustrated in the Section 3, we
can determine value of m by balancing U2 and U00 in Eq.
(4.2). We ﬁnd
2m ¼ mþ 2;
m ¼ 2: ð4:3Þ
We can suppose that the solutions of Eq. (1.2) is of the form








; a2 – 0; ð4:4Þ
By using Eqs. (4.4) and (2.6) it is derived that































































Substituting Eqs. (4.5) (4.6) and (4.7) into Eq. (1.2), collect-
ing the coefﬁcients of G
0
G




eca22 þ 6vc3a2 ¼ 0;
eca1a2  2gc2a2 þ 10vc3a2kþ 2vc3a1 ¼ 0;
eca0a2  gc2a1  2gc2a2kþ 3vc3a1k ka2 þ 4vc3a2k2 þ 12 eca21 þ 8vc3a2l ¼ 0;
vc3a1k
2  a1kþ 2vc3a1lþ eca0a1 þ 6vc3a2kl gc2a1k 2gc2a2l ¼ 0;
1
2
eca20  ka0  gc2a1lþ vc3a1klþ n0 þ 2vc3a2l2 ¼ 0:
ð4:8Þ
We can solve this system by Maple get sets of solutions.






25ve k24lð Þ ;
a2 ¼  12g2












125v2 k2  4l  ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃk2  4lp
 6g
3k
125v2 k2  4l  ; ð4:10Þ
n0 ¼
1
6250v3e k2  4l 2 ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃk2  4lp
625k4v2a20e
2gþ 144g5lk2 þ 600k2va0eg3l
5000k2v2a20e2lg 2400va0eg3l2

















ð4:11Þwhere k and l are arbitrary constants. By using Eqs. (4.9)
(4.10) and (4.11), expression (4.4) can be written as


















Substituting general solutions of Eq. (2.6) into Eq. (4.12)
we have two types of exact solutions of the space-time frac-
tional KdV-Burgers equation as follows:
When k2  4l > 0,














































































When k2  4l < 0,











































































In particular, if K1 – 0;K2 ¼ 0; k > 0; l ¼ 0; a0 ¼ 5, then
U1;2 and U3;4 becomes



























Cð1þaÞ and these are
the exact solutions of the space-time fractional KdV-Burgers
equation.
Remark. Comparing our results, Younis’s results [27], then it
can be seen that these results are new.5. The space-time fractional coupled Burgers’ equations
For our goal, we present the following transformation




Cð1þ aÞ ; ð5:1Þ




Cð1þ aÞ ; ð5:2Þ





-expansion method using modiﬁed Riemann–Liouville derivative for some space-time 963Then by use of Eqs. (5.1) and (5.2), (1.3) can be turned into
an ODE
cU0 U00 þ 2UU0 þ pðUVÞ0 ¼ 0; ð5:3Þ
cV0  V00 þ 2VV0 þ qðUVÞ0 ¼ 0; ð5:4Þ
where 0 ¼ d
dn.
Considering the homogeneous balance between U00 and UU0
in Eq. (5.3)
2þm ¼ mþmþ 1; ð5:5Þ
so that
m ¼ 1 ð5:6Þ
and that between V00 and VV0 in Eq. (5.4),
nþ 2 ¼ nþ nþ 1; ð5:7Þ
that gives
n ¼ 1: ð5:8Þ
Suppose that the solutions of (5.6) and (5.8) can be ex-









; a1 – 0; ð5:9Þ




; b1 – 0: ð5:10Þ
where G ¼ GðnÞ satisﬁes the second order LODE in the form
G00 þ kG0 þ lG ¼ 0 ð5:11Þ
a0; a1; b0; b1; k and l are constants to be determined later.
By using Eqs. (5.9), (5.10) and (5.11) it is derived that













































Substituting Eqs. (5.9)–(5.14) and (5.15) into Eqs. (5.3) and
(5.4), collecting the coefﬁcients of G
0
G
 i ði ¼ 0; . . . ; 3Þ and set it
to zero we obtain the system
3 : 2pb1a1 þ 2a21 þ 2a1 ¼ 0;
2 : ca1 þ pa0b1 þ 2a21kþ pb0a1 þ 3a1kþ 2pb1a1kþ 2a0a1 ¼ 0;
1 : 2a0a1kþ ca1kþ pb0a1kþ 2pb1a1lþ a1k2 þ 2a1lþ 2a21lþ pa0b1k ¼ 0;
0 : ca1lþ pa0b1lþ 2a0a1lþ pb0a1lþ a1kl ¼ 0;
3 : 2qb1a1 þ 2b21 þ 2b1 ¼ 0;
2 : cb1 þ qb0a1 þ 2b21kþ qa0b1 þ 3b1kþ 2qb1a1kþ 2b0b1 ¼ 0;
1 : 2b0b1kþ cb1kþ qb0a1kþ 2qb1a1lþ b1k2 þ 2b1lþ 2b21lþ qa0b1k ¼ 0;
0 : cb1lþ qa0b1lþ 2b0b1lþ qb0a1lþ b1kl ¼ 0:
ð5:16ÞSolving the algebraic equations above give
a0 ¼ ðp1Þb0q1 ; a1 ¼ 1pqp1 ; b0 ¼ b0;
b1 ¼ 1qqp1 ; c ¼ 2b02qpb0qkþkq1
ð5:17Þ
where k; b0 and c are arbitrary constants.
Substituting Eq. (5.19) into Eqs. (5.11) and (5.12) yields
















Substituting general solutions of Eq. (5.6) into Eqs. (5.12)
and (5.13), we have three types of solutions of the space-time
fractional coupled Burgers’ equations as follows:
When k2  4l > 0,


































V1ðnÞ ¼ b0  1 qð Þk
2qp 2






























where n ¼ taCð1þaÞ þ 2b02qpb0qkþkq1ð ÞCð1þaÞ ta.
When k2  4l < 0,
































V2ðnÞ ¼ b0  1 qð Þk
2qp 2




























where n ¼ taCð1þaÞ þ 2b02qpb0qkþkq1ð ÞCð1þaÞ ta.
When k2  4l ¼ 0,




þ 1 pð ÞK2




v3ðx; tÞ ¼ b0  1 qð Þk
2qp 2 þ
1 qð ÞK2




In particular, if K1 – 0;K2 ¼ 0; k > 0; l ¼ 0, then
U1ðnÞ;V1ðnÞ and U2ðnÞ;V2ðnÞ becomes










2b0  2qpb0  qkþ k













2b0  2qpb0  qkþ k




which are exact solutions of the space-time fractional coupled
Burgers’ equations.6. Conclusion
In this paper, we have seen that two or three types of exact
analytical solutions including the generalized hyperbolic func-
tion solutions, generalized trigonometric function solutions
and rational solutions for the space-time fractional Burgers
equation, space-time fractional KdV-Burgers equation and
the space-time fractional coupled Burgers’ equations are suc-





solutions are useful for further understanding of the mecha-
nisms of the complicated nonlinear physical phenomena and
FPDEs. Moreover, it can also be used to solve many other
nonlinear evolution equations arising in science and engineer-
ing. Maple has been used for computations and programming
in this paper. Also, the best of our knowledge, the solutions
obtained in this paper have not been reported in literature.References
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